Abstract-The Linear Sampling Method (LSM) is an effective method to tackle the problem of reconstructing the shape of unknown metallic or dielectric scatterers from the knowledge of single frequency multi-view/multi-static data. Notably, as it just requires to solve a linear problem, its implementation is straightforward and its computational burden almost negligible. However, no results are available in the literature to explain under which operating conditions (e.g., the number of incident waves and receivers which has to be considered) LSM properly works. With respect to the case of dielectric scatterers, in this communication, starting from the physical interpretation of LSM, we provide some guidelines for its successful application. These results are then confirmed processing experimental data from the "Marseille" data-set.
INTRODUCTION
The capability of retrieving in an effective way the geometrical features of unknown scatterers from the knowledge of the scattered fields is an important issue in many applications. As a matter of fact, not only location and shape are often the survey's final goal, but they may also represent a valuable starting point for quantitative imaging procedures [1] .
An effective way to cope with the shape reconstruction problem is the Linear Sampling Method (LSM) [2] , which can provide reconstructions for dielectric and metallic objects without a priori information on their physical nature and without any approximation on the scattering model. Moreover, LSM requires a negligible computational burden, as its numerical implementation only involves a matrix, whose size is determined by the amount of available data [2, 3] .
However, despite the above mentioned advantages and the large number of examples which assess its reconstruction capabilities against synthetic and experimental data [2] [3] [4] , it is not completely clear why and how LSM works and which are its limitations. In particular, no theoretical demonstration has been (yet?) given that the method can work in general [5] , whereas only recently some results concerning the resolution which can be achieved have been published [6] .
A way to address these questions from a different point of view is that of reasoning on the physical meaning of LSM. In this respect, an interpretation of LSM as applied to perfect electric conductor targets has been provided by Shelton and Warnick [7] , while the case of dielectric scatterers has been studied in [4] , where it has been shown that LSM is related to the possibility or the impossibility of focusing an electromagnetic wave in presence of an obstacle (i.e., the scatterer). In this contribution, by exploiting such an analogy, we propose some guidelines to fix the number of transmitting and receiving probes which are needed to ensure a successful application of LSM, while reducing redundant measurements.
The paper is organized as follows. In the next section the basic concepts of the LSM are briefly recalled as well as its physical interpretation; in Section 3 the guidelines to fix the number of illuminations are discussed and given and, finally, in Section 4 they are proved by processing experimental data coming from the "Marseille" data-set [9] .
A BRIEF REVIEW OF THE LINEAR SAMPLING METHOD
Let us consider the reference scenario sketched in Fig. 1 . The targets are supposed in free space and invariant along the z-axis, while a TM polarization is assumed for the electromagnetic fields. Ω denotes the investigated region and Σ ⊂ Ω the (possibly not connected) support of dielectric scatterers. Measurement probes and primary sources are displaced on a circumference Γ located in the far-zone with respect to Ω. For a fixed frequency, in order to apply LSM, one first fixes a set of arbitrary sampling points r p ∈ Λ ⊆ Ω and then solves, in each r p , the linear integral equation [2] :
k being the background wave-number and E ∞ (φ, θ) being the far field pattern of the scattered field as measured on Γ in the direction φ when a plane wave impinges from the direction θ [10] . The claim and the numerical observation is that the norm of the regularized (i.e., approximated) solution of Eq. (1) will become large when r p approaches the boundary of the scatterer from inside and will stay large when r p is outside of Σ [2] . Therefore, the geometrical features of the scattering system (i.e., its location, size and shape) can be easily reconstructed by solving Eq. (1) ∀r p ∈ Λ and then by plotting the L 2 norm ||g|| of the solution.
When the scatterers are dielectric, it has been proved [4] that LSM is interpretable as the problem of focusing an electromagnetic field in presence of an obstacle. In particular, apart from special cases (see [4] for a detailed discussion), solving Eq. (1) is equivalent to induce a current focused in r p by combining the primary sources according to a function g(r p ), whose L 2 norm is hence proportional to the energy of the resulting source. Since the induced current is generally expressed as J(r p ) = jωχ(r p )E(r p ), χ being the contrast function and E the total internal field, any induced current would be necessarily null if r p / ∈ Σ, as χ(r p / ∈ Σ) = 0. Therefore, the divergent behavior of ||g|| in those points corresponds to the impossible task of combining the primary sources in such a way to induce a current in a location where this latter is de facto null. On the other hand, due to intrinsic resolution limitations, the indicator ||g|| results to be actually unbounded everywhere, as the realization of an induced current exactly localized in r p at a fixed frequency requires a primary source of infinite energy. Therefore, in order to prevent primary sources from having an infinite energy regardless of the sampling point, it is necessary to solve Eq. (1) in a regularized form, as also demonstrated by Arens [5] . As a result, the desired focusing is pursued in an approximated way since the induced current will not be exactly located in the sampling point but in an approximately circular neighbor of it [4] .
GUIDELINES FOR SUCCESSFUL APPLICATION OF THE LSM
Given the analogy between LSM and focusing problems, it follows that an important role in successful reconstruction of shapes is played by the number of primary sources and measurement points. As a matter of fact, if the number of transmitters is low, one could not achieve, even in the full aperture case, the desired focused field, while if the number of receivers is low, one could not properly control that the synthesized scattered field matches to the desired one. On the other hand, an arbitrary large number of illuminations and measurements, which would overcome these problems, can be largely redundant and may unnecessarily increase the measurements costs. In the following, we derive some guidelines to fix in a convenient way the number of transmitters and receivers.
Let us suppose that the radius a of the minimum circle Ξ enclosing the scatterers (and centered at the origin of the coordinate system, see Fig. 1 ) is known or has been estimated using the simple strategy described in [8] . Then, for any primary source J p on Γ, the incident field E inc inside Ξ can be expressed through the linear operator: (2) and useful indications on the number and kind of primary sources can be gained from the Singular Value Decomposition (SVD) of the operator A p . As a matter of fact, by means of this expansion, we can express any incident field, as:
wherein σ n are the singular values, v n the left singular functions and u n are the right singular functions, which form a basis for the primary sources. For the considered geometry, quantities appearing in Eq. (3) are known in a closed form [11] and, in particular:
wherein J n is the n-th Bessel function and
For several values of the radius a, the singular values σ n are plotted in Fig. 2 . Note, they are a fast decreasing function of |n|, if n > k a . Such a circumstance has two interesting consequences:
• provided an upper bound is given on the energy of primary sources (as in our regularized framework), only a finite number of terms in (3) is needed to achieve a given incident field with any required accuracy. Fig. 2 suggests such a number is M = 2γka, with γ > 1. The value of γ has to be fixed on the basis of the accuracy of the measurement set-up;
• the resulting M singular functions u 1 , . . . , u M provide the convenient set of primary sources; however, since any linear combination of exponential functions can be turned into a Dirichelet sampling series, an equivalent and simpler set of convenient primary sources is given by M elementary filamentary sources uniformly spaced in angle along Γ. In a dual fashion, to fix the number and kind of measurement probes, we can inspect the SVD of the operator A e , which relates the current induced in Ξ to the scattered field on Γ. However, provided transmitters and receivers are located in the same positions, from reciprocity it follows that the singular values of A e are still given by Eq. (4) and its (left) singular functions are simply u * n . Therefore, N m = M filamentary probes uniformly spaced in angle along Γ represent the convenient choice for the receiving probes.
As a consequence of all the above, from the estimate of the radius of the minimum circle a, one can foreseen success or failure of the regularized LSM, as N v or N m have to be at least larger than 2ka in order to properly discretize the far-field equation. On the other hand, an upper bound to the number of probes can also be given reasoning on the factor γ. As a matter of fact, as it can be deduced from Fig. 2 , if the scatterers' convex envelope is large with respect to the wavelength (i.e., in the high frequency regime) the singular values steeply decay, so that γ ≈ 1 is a convenient choice, regardless of the required accuracy. Conversely, for scatterer enclosed in a convex envelope whose size is comparable to the wavelength (i.e., in the "resonant region"), the singular values exhibit a slower decay and a larger value of γ will be needed in order to take into account the singular values belonging to the transition region ka < n < 2ka. In particular, while the optimal choice for γ depends on the desired accuracy, γ ≈ 2 is a generally convenient one.
NUMERICAL EXAMPLES
Let E s be the N v × N m (N v and N m being the number of transmitters and receivers, respectively) multistatic data matrix and {µ n , λ n , ρ n } its SVD, in each sampling point r p ∈ Λ, the support indicator is given by:
where N = min{N v , N m }, f is the N m dimensional vector containing the values of the right hand side of Eq. (1) and α is the Tikhonov regularizing parameter. According to the proposed physical interpretation, such a parameter is the same for all sampling points [4] and it is heuristically fixed equal to 0.01λ 1 .
To provide an example of the above discussed guidelines, let us consider the "Marseille" experimental data-set concerning of two plexiglass cylinders (ε = 3) of radius R c = 0.015 m. This data-set is related to an aspect-limited configuration in which the primary source is moved along a circumference with a 10 angular step (N v = 36), and for each illumination, the measurement probe is moved with an angular step of 5 • (N m = 49) along a 240 • arc, which excludes the 120 • angular sector centered around the incidence direction. Data collected in the (1-8) GHz frequency range with 1 GHz step and in the (8-16) GHz range with a 4 GHz step are available [9] . The radius of the minimum circle containing the scatterers is equal to a = 0.06 m, therefore the electric size of the convex envelope a/λ ranges from 0.2 at 1 GHz to 3.2 at 16 GHz. From Fig. 2 one can thus infer that LSM is expected not work at frequencies higher than 10GHz, being the number of available sources lower than the one fixed according to the criteria in Section 3. Such an expectation is confirmed by the result drawn in Fig. 3(a) , which shows that LSM badly fails. On the other hand, when considering data at 8 GHz, as the given guidelines are better matched (γ ≈ 1.8), the LSM indeed reconstructs the unknown shapes, Fig. 3(b) , although a slight overestimation is observed, possibly due to measurement noise. However, a further improvement is obtained when considering data at the "resonant" frequency of 5 GHz, wherein, being γ > 2 and being lower the measurement error, a very accurate reconstruction is achieved, see Fig. 3(c) . Finally, it is interesting to observe, see Fig. 3(d) , the result obtained at 2 GHz, when the reconstruction worsens, as the electrical distance between the two objects is lower than the achievable LSM resolution as defined by [6] .
CONCLUSION
In this paper the basic concepts of the LSM and its physical interpretation have been briefly reviewed and some guidelines for its successful application have been traced. The validity of these guidelines has been verified against experimental data concerning multiple targets.
